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Abstract 

We investigate the large A'" reduced model of gauge theory on a curved spacetime 
through the plane wave matrix model. We formally derive the action of the = 4 
supersymmetric Yang-Mills theory on R x 5^ from the plane wave matrix model 
in the large N limit. Furthermore, we evaluate the effective action of the plane 
wave matrix model up to the two-loop level at finite temperature. We find that 
the effective action is consistent with the free energy of the = 4 supersymmetric 
Yang-Mills theory on at high temperature limit where the planar contributions 
dominate. We conclude that the plane wave matrix model can be used as a large N 
reduced model to investigate nonperturbative aspects of the N = A supersymmetric 
Yang- Mills theory on M x S"^. 
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1 Introduction 



Matrix models are strong candidates for the non-perturbative formulation of the super- 
string theory. For example, the BFSS matrix model is the non-perturbative formulation of 
the M-theory which is the strongly coupled limit of the type-IIA superstring theory [1] and 
the IKKT matrix model was proposed as the non-perturbative formulation of the type-I 
IB superstring theory [2,3]. Originally, these models were constructed on flat spacetime 
backgrounds. So, we have problems whether these models can describe curved spacetime, 
and include symmetries of the general relativity: the diffeomorphism and the local Lorentz 
invariance. 

In 2002, fuzzy homogeneous spaces are constructed using the IKKT matrix model [4]. 
The homogeneous spaces are constructed as G/H where G is a Lie group and if is a closed 
subgroup of G. The effective actions of the gauge theory on homogeneous spaces have been 
investigated for a fuzzy S"^ [5] , a fuzzy S*^ x 5*^ [6, 7] , a fuzzy S'^xS'^x S'^ [8] and a fuzzy CP^ 
[9]. When a backgroTind field is assigned to bosonic matrices in the IKKT matrix model, 
the stability of this matrix configuration can be examine by investigating the behavior of 
the effective action under the change of some parameters of the background. By these 
investigations, we have found that the IKKT matrix model favors the configurations of the 
four- dimensionality. The same conclusion has been obtained also by various approaches 
[10-16]. 

Recently, there were interesting developments on the construction of curved spacetime 
by matrix models. Hanada, Kawai and Kimura introduced a new interpretation on the 
IKKT matrix model in which covariant derivatives on any (i-dimensional spacetime can 
be described in terms of d bosonic matrices in the IKKT matrix model [17]. In this 
interpretation, the Einstein equation follows from the equation of the IKKT matrix model, 
and symmetries of the diffeomorphism and the local Lorentz transformation are included 
in the unitary symmetry of the IKKT matrix model. 

On the other hand, the formal equivalences between supersymmetric Yang-Mills the- 
ories on curved spacetime and a matrix model is shown by Ishiki, Shimasaki, Takayama 
and Tsuchiya [20], confirming the Lin-Maldacena's gauge/gravity correspondence [19]. 
They showed the following formal equivalences: the theory around each vacuum of the 
supersymmetric Yang-Mills on IR x 5"^ is equivalent to the theory around a certain vacuum 
of the plane wave matrix model; the theory around each vacuum of the supersymmetric 
Yang-Mills on M x S*^ is equivalent to the theory around a certain vacuum of the su- 
persymmetric Yang-Mills on M x S*^ with the orbifolding condition imposed [18]. They 
thus made the connection between the theory around each vacuum of the supersymmetric 
Yang- Mills on IR x 5"^ and the theory around a certain vacuum of the plane wave matrix 
model with orbifolding condition imposed. In this identification, emerges out of a 
group of the concentric fuzzy spheres. Note that the equivalences shown in [20] are clas- 
sical, since the equivalences are shown at tree level and the size of matrices are infinite 
with the orbifolding condition imposed. Recently, they extend the equivalence between 
the supersymmetric Yang-Mills on IR x 5"^ and the plane wave matrix model at quantum 
level [21]. The equivalence is shown upto the one- loop level and the size of matrices is 
finite without the orbifolding conditions. Moreover, they derive the deconfinment phase 
transition of the supersymmetric Yang- Mills on x at weak coupling region from the 
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plane wave matrix model [22]. 

In order to elucidate these proposals to construct curved spacetime in matrix models, 
we investigated the effective action of the deformed IKKT matrix model with a My- 
ers term. Since the classical solution satisfies the commutation relation of the angular 
momentum, it can be interpreted as the covariant derivatives on or concentric fuzzy 
spheres [23]. In the both cases, we found that the highly divergent contributions at the 
tree and one-loop level are sensitive to the UV cutoff. However the two-loop level contri- 
butions are universal since they are only logarithmically divergent. We expect that the 
higher loop contributions are insensitive to the UV cutoff since three-dimensional gauge 
theory is super renormalizable. 

In the large N limit, there is a well-known equivalence between a gauge theory and a 
matrix model due to Eguchi and Kawai [24]. They proved that a large gauge theory 
is equivalent to a matrix model which is dimensional reduced to zero dimension unless 
the ^7(1)'^ symmetry is broken, where d represents the dimension of the original gauge 
theory. However, the U{lY symmetry is spontaneously broken ind > 2. So two improved 
versions of this large N reduced model which preserve the U{lY symmetry was proposed. 
One is the quenched reduced models [25-28] and the other is the twisted reduced mod- 
els [29-31]. However, in these models the connection is made between matrix models and 
gauge theories on fiat spacetime. In this paper, we investigate the effective action of the 
plane wave matrix model on a group of concentric fuzzy spheres at finite temperature. 
We find that the effective action is consistent with the free energy of the J\f = 4 supersym- 
metric Yang-Mills on in the high temperature limit. It is because planar contributions 
dominates in the high temperature limit. We conclude that the plane wave matrix model 
can be used as a large reduced model to investigate nonperturbative aspects of the 
A/" = 4 supersymmetric Yang-Mills theory on M x S^. 

The organization of this paper is as follows. In section 2, we formally derive the action 
of the A/" = 4 supersymmetric Yang-Mills on from the plane wave matrix model. In 
section 3, we calculate the effective action of the plane wave matrix model around a group 
of concentric fuzzy spheres at finite temperature. Section 4 is devoted to conclusions and 
discussions. Some detailed calculations are gathered in the appendix. 

2 N" = 4: supersymmetric Yang-Mills on M x S*^ as 
plane wave matrix model 

In this section, we formally derive the action of the supersymmetric Yang-Mills theory on 
M X S*^ from the plane wave matrix model in the large limit. 

The authors of [20] observed the following two equivalences between the vacua of 
different gauge theories and the plane wave matrix model 0: 

(i) The supersymmetric Yang-Mills theory on M x 5^ is equivalent to the theory around 

a certain vacuum of the plane wave matrix model. 

(ii) The supersymmetric Yang-Mills theory on M x S*^ is equivalent to the theory around 
^The recent developments are explained in the introduction. 
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a certain vacuum of the supersymmetric Yang-Mills theory on M x 5^ with a gen- 
eralized compactification procedure in the direction. 

From the above equivalences of (i) and (ii), they concluded that 5*^ is realized by three 
matrices. The three matrices is as follows: 



(2.1) 



where 



\ 




V 



(2.2) 



The representation matrix Li, where i = 1,2,3, is a reducible representation of SU{2), 
and obeys the following commutation relation: 



[Li , Lj 



(2.3) 



Lp"', where s = — oo, • • • , oo, is the {2js + 1) x [2js + 1) representation matrix for the spin 
js irreducible representation of SU{2), and obeys the following commutation relation: 

= ie,,fcLb-»l^ (2.4) 



r bs] T [js 



Then, the Casimir operator of L^"' is that 



T [js]i 



nrL 



Js Us + 1) 1 



■2js+l- 



(2.5) 



The matrices fl2.2p can be interpreted as n sets of oo fuzzy spheres with the radius 
is {js + 1), where all the fuzzy spheres are concentric. In order to make the con- 
nection between the supersymmetric Yang-Mills theory on R x S''^ and the plane wave 
matrix model, it is necessary to impose the following conditions: 



js - jt = -{S -t), jsJt ^OO, S,t = -00, 



OO. 



(2.6) 
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Let us start with the plane wave matrix model which is defined by the following action: 

+ '-XT'D,\ + ^Ar^^^A - ^Ar [X„ A] - ^Ar™ A]|, (2.7) 

where X and A are vector and Major ana- Weyle spinor fields, and both fields are N x N 
Hermitian matrices. The vector indices i,j, k and m, n run over as follows: i,j, k = 1, 2, 3 
and m,n = 4, ■ ■ ■ , 9. The covariant derivative is given by DqO = doO — i [Aq, O]. The 
radius of S'^ is fixed to 2//i. 

Let us consider such a large N limit as follows: 

X,{t)^-^lVi + B,{t,x), X^{t) -^Xm{t,x), A(t)^A(t,x), (2.8) 

where Vj and Bi are derivatives and space components of gauge fields on that are 
defined by Killing vectors (See ref. [23] for a review on this subject): 

V, = K^da, B,{t, x) = K^Aait, x), (2.9) 

where a = 6,(j), ip. The non-vanishing components of Killing vectors are given by 

irf = ;z, Kt = ^^, Kt = -^. Kt = l. (2.10) 
sm 6 sm d 

For example, we consider the following term in the action of the plane wave matrix model: 
By taking the large N limit, the term (12.111) can be rewritten as follows: 



(a' [V-"', V] - f,(V^B' - V'B') + [B^B']))'|. (2.12) 

From the commutation relation for the derivatives on S^: 

[Vi, V,] = iei,•fcV^ (2.13) 
we can obtain the following relation: 

KtdaK] - KWaK^ = ie^.kKl (2.14) 
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Then, we can get the following equation by using fl2.13p and fl2.14p : 



S'pw J ^^ 



where 



/^Tr |-i {^^e^.uKiKt [d^A^ - d^A^) - \e.,,KiK', [A\ A'] 



(2.15) 



Fab = daA, - d,Aa - i [A„ A,] . (2.16) 
Note that we also rescaled the derivatives on as follows: 

i^ida ^ da. (2.17) 

It is because we have the following correspondence in the large N limit: 

N 



Tr 



Yo\{S^)n 



jd^x^ti (2.18) 



where tr denotes the trace operation over SU{n) gauge group. Similarly, taking the large 
N limit of the other terms in the action of the plane wave matrix model, we can obtain 
the action of supersymmetric Yang-Mills theory on M x S"^ as follows: 



aiYM^ J 14 2 12 



+^A™^A - iAr™[X^, A] + ^[X^,X„]2 }, (2.19) 



where /x = 0, 1, 2, 3, and R is the scalar curvature of S^. 



3 Effective action for plane wave matrix model 

In the preceding section, we have summarized formal arguments for the equivalence be- 
tween the gauge theory on R x and a certain vacuum configuration of the plane wave 
matrix model. However they are formal in the sense that they need to consider the large 
limit. Therefore their validity is not automatic especially at the nonperturbative level, 
since we need to work with finite A^. In this section we work with finite A^, namely finite 
size matrices. To be precise, we introduce the two cutoffs in the theory with respect to the 
size and number of the concentric fuzzy spheres. We also put n = 1. In such a set up, we 
investigate the effective action perturbatively to check to what extent formal arguments 
can be justified. 

3.1 One- loop effective action at zero temperature 

In this subsection, we evaluate the one-loop effective action of the plane wave matrix 
model around background at zero temperature. 
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As in the ordinary background field method in quantum field theories, we decompose 
matrices X and A into the backgrounds and quantum fiuctuations, respectively as follows: 

\ = X + ^, (3.1) 

where pi, pm and x are backgrounds, and Xj, Xm and ip are quantum fiuctuations. Then, 
we substitute the decomposed matrices (13. ip into the action of the plane wave matrix 
model, and expand around backgrounds up to the forth order with respect to quantum 
fiuctuations. The expanded action is expressed as follows: 



C _ c(0) I c(l) I c(2) I c.(3) I 0(4) /q n^ 



where 



+^xr%x + ^-fxT'^'x - \xnp^.x] - ^xr"^[p™,x]}, (3.3) 

-x„(9oV + yP" + [p., + [p™, - \{x^\ x} 
-i(9op,,)[Ao,pi - i(9op™)[Ao,p'"] - ixrO[Ao,x] 

+ (^(5ox)r° + f^xr^^^ - \W\P^ - ^[xr™,p„])v.}, (3.4) 

4w = / c^t Tr|^(aoa:,)' - \{dm)\K. A ' i(5ox.)[Ao, J9^] - \\A^,p^^ 

1 2 1 2 

+ -(^03^™) - i(<9oPm)[^o, a;"] - i(9oa;„)[v4o,p"'] - -[AcP™] 

1 2 1 2 

- [pi, X*] \p^, X™] + - [p^, Xn\ - - [Pm, X""] + [pm, Pn] [x"^ , x"] 

+l^r°9o^ + Ixr'iAo, ^] + l^r'lAo, x] + ^^r^^V 



1 _ • 1 _ • 1 _ • 



(3.5) 



^(3) _ ^ 
'PW ~ 2 9 



(4) _ i- 

PW ~ 2 9 

i?PW/^ 



dtTr^-i{doXi)[Ao,x'] - [Ao,Pi\[Ao,x'] + -iie'^^Xi[xj,Xk] 

+ Xj\[x\ X^\ - i{dQXm)[Ao, X"^] - [Ao,Pm][A, x"^] 
+ Xm\ [x\ X^] + [p^, Xi\ [x"*, X*] + [p^, Xn\ [x"^, x"] 



(3.6) 



(3.7) 



Since we need to fix the gauge invariance in the action, we add the gauge fixing and the 
Faddeev-Popov terms: 

^GF = ^^ /(itTr|-i(ao^ + i[pi,X'] +ibm,^"'])'l, (3.8) 

Sfp = [ dtTrl-bdoDoC - b [p„ [X\ c]] - b [p™, [X"^, c]]], (3.9) 

where c and b are ghost and anti-ghost fields, respectively. 

We substitute the matrices Yi which are the classical solution of the plane wave matrix 
model for backgrounds as follows: 



Pi — Y^i — —flLi, 

X = 0, 



Pm = 0, 



(3.10) 



where 



■ [J2a] 



V 



(3.11) 



Here, we introduce a cutoff on s at 2A and on the matrix size of L^'^ at2j, + l = A^o + s, 
and the matrix size N of L, is finite as follows: 



N = (2ji + 1) + . . . + (2j3 + 1) + • • • + (2j2A + 1) . 



(3.12) 
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Then, we can obtain the following action: 
'S'pw — 'S'pw + Sqp + (S'fp 



X < (-^'^'^o + S'^^i'Cl + 2/^2 Cj] + /x^^^^' - Ve^^'^rfcjxf 

1 2 

-IxCaf'^ [x\ x^] ^'''^ - i (aox(^'*)) [^0, - ixUx^^^ [x\ x^] 

(3.13) 

where the suffix (s, t) represents the (s, t) block in the N x N matrix. We introduce the 
following operation: 

CiM^[Li,M], (3.14) 

which act on a {2js + 1) x {2jt + 1) matrix M. Note that the above action is obtained 
after the Wick rotation for the time components as follows: 

t^it, Ao^iAo, r°^ir°. (3.15) 

The classical action: ^p*^ vanishes for the backgrounds we consider here, and the first 
order action with respect to the quantum fluctuations: Sp^ also vanishes, because the 
backgrounds satisfy the equations of motion for the plane wave matrix model. We need the 

(2) 

quadratic action with respect to the quantum fluctuations to calculate an one-loop 
effective action of the plane wave matrix model. To simplify the following calculations, 
we introduce the notations as follows: 

Po = -i^o, pi^-^Li, Pm = 0. (3.16) 

Then, the action is given by 

r.l-loop _ 27riVo 



X 



Asm 

■^jlJM 



(3.17) 



where 



P,M=[p,,M], J-,,M=[^,M], /,^. = -i[p„p^.], (3.18) 

and the index /x runs from to 3. 

By using the above action S'p^""^, we can calculate the one-loop effective action of the 
plane wave matrix model on as follows: 



iy = -log J dxidXmdAodbdcdife pw . (3.19) 
First, we evaluate the bosonic parts of the effective action as follows: 



W^B = 5^ 5^ I ^Tr log + 2i^^' + ^^^^^^ + 3i^e^^'=PBfc^ 

s,t I ^ 

+ ^Tr log(5™"Pi + ^5"^") + ^Trlog(p^) - Tr log(pi) |. (3.20) 



We expand the bosonic parts f l3.20p of the effective action into the inverse power series of 
= {ujf + fi^J {J + 1)). In this way, we obtain the leading term of the bosonic parts of 
the one-loop effective action as follows: 

~ {4Trlog(T'i) + H^Trij - /^TrPi,(^)'} . (3.21) 

where = iJ^J {J + 1). Then, we evaluate the fermionic parts of the effective action as 
follows: 

= - E E log (rl + '-V'^T^,. - f r'^^^p,. + ^) . (3.22) 



Similarly, we expand the fermionic parts fl3.22p of the effective action into the power series 
of P| = {uj\ + jj?J {J + 1)). So, we obtain the leading term of the fermionic parts of the 
one-loop effective action as follows: 

W, {-4Trlog(p|) - H^Tr^ H- iIt,vI{^^'^ ■ (3-23) 

where = fi'^J{J + 1). Therefore, we find that the one-loop effective action of the 
plane wave matrix model on vanishes to the next leading order in this expansion: 

W = Wb + Wf ^ 0. (3.24) 

In fact, it vanishes exactly due to supersymmetry [32]. 
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3.2 Free energy of J\f = 4 supersymmetric Yang-Mills on 

In this subsection, we calculate the effective action of the plane wave matrix model on 
at finite temperature up to two-loop level. In order to study the plane wave matrix 
model on at finite temperature, we compactify the Eucliedean time direction with 
a periodicity /? = 1/T, where T is a temperature. Thus, we impose the constraint of 
periodicity for the bosonic, ghost and anti-ghost fields as follows: 

C{s,t) (Q) ^ ^is,t) ^ ^is,t) (Q) ^ ^is,t) ^ ^3^25) 

So, we can obtain the conditions for frequencies in (13.201) as follows: 

ui = 2nlT, (3.26) 

where / is the integer. On the other hand, we impose the constraint of anti-periodicity 
for the fermion fields as follows: 

<^(^'*) (0) = -(^(^'*) {(3) , (3.27) 

and hence 

Uh = 2nhT, (3.28) 

where h is the half-integers. 

Therefore, we can obtain the one-loop effective action of the plane wave matrix model 
on at finite temperature as follows: 



^i-ioop = ^ I ^ 4Tr log (Vl^ - J2 4Tr log 

s,t ^ I h 



^4 p2 4 p2 



(3.29) 

However, since the supersymmetry is broken at finite temperature, the contributions from 
the bosons and fermions do not cancel each other. For example, we consider the leading 
terms of the one-loop effective action as follows: 

^(V = E jE4Trlog((27r/T)^ + /iV(J + 1) 

s,t I I 

-^4Trlog(^(27r/iT)2 + ^V(J + l)) I. (3.30) 

h J 

It is easy to calculate the sums over / and h by using the following formulae: 

oo oo 

J2 log (^^TT^ + z^) log (^^^^) = 2 log sinh z, (3.31) 



l=—oo 1=1 
oo oo 



log (/i^TT^ + z^) - ^2 log [h^Tc^] = 2 log cosh z, (3.32) 

h=-oo h=l/2 
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where z is the complex number. We may discard the infinite constants which do not 
depend on physical parameters. Thus, we can obtain the leading terms of the one-loop 
effective action as follows: 

Wl^-^ - E {sTrlogsmh {^^^^^ - SIVlogcosh { ^^^^^ 

^ ^ /exp U^JJjT\)IT) - 1 \ 

= VVslog ) ( . (3.33) 

s,t J,M \ exp /i 

In the analogy with the large N reduced model on a flat background, we find that 

/ exp {iiJj{J + \)lT\ - \\ 

^ J,M,M \exp [f^V'^ \J + 1)/^ j + V 

where M = |(s — t). Wc have introduced a cutoff such that s < 2 A, so that the maximal 
value of J and M are A^^o and A, respectively. Then we separate the summation over J 
into two parts at the value A as follows: 

2A A 



EE E E 8i°r' ^ ^ 



s=l J=0 M=-J M=_j 



exp {ji^J{J +l)/T^ + 1^ 

exp(/iV^(J + l)/r) 



2A ATf) J A 

+E E E E 

s=l J=A+l/2 M=- J M=-A 

(3.35) 

The second term in the above expression can be safely neglected since we assume that: 



exp (^/x/7(jTT)/r) + 1 



T^A. (3.36) 

If we further divide this effective action by the overall factor it agrees with that of 
the supersymmetric Yang-Mills theory on S^. In this sense, the plane- wave matrix model 
is a large A^ reduced model of the supersymmetric Yang-Mills theory on 5"^. 
In this way we can obtain that 



CO J J 

^m"" = E E E 

J=0 M=-J M=-J 



'exp (/Xv/J(J + l)/r) - 
^exp (^/Xv/J(J+1)/t) + 1^ 



- /exp U^J{J + 1) t)-1\ 

j=o \exp i^f,^J{J+l)/Tj + 1 y 

E 8 log ) ^ ( ]{k + l)\ (3.37) 

ifc=o V^^'P [VHk + '2)/rT) + 1 J 
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where we set k = 2 J. Here we take the high temperature hmit such that the temperature 
is much larger than the inverse radius of -S"^: 

T > -. (3.38) 
r 

Thus, this hmit represent a flat space hmit. The summation over k can be weU approxi- 
mated by the integrals over: 

Jk(k + 2) 
We can obtain the following equation: 

J^°°dx 8 log ( (^r'T'x' + ^rT^ . (3.40) 
This integral is evaluated as: 

^i-ioop ^ -"^r^T^ - ttVT + o(^Y (3.41) 



Similarly, we evaluate the sub-leading terms of the one-loop effective action: 

^i-ioop = Jy- ^Tr - V ^Tr - 

^ (27rZr)' + At2J(J+l) Y ^ (27r/ir)' + //2J(J + l) 

_y /f!TrJ(J + l) ( ^ 

^2 ^ ^\(27rlTf + ij 



(1) -Z^IZ^ 4 ' 

2 



/xV(J+l) 



+ y ^TrJ {J + l)( ^ 

V2 ^ ^ V 27r/iT)' + u2j(J+l)y 



(3.42) 



By taking the high temperature limit such that the temperature is much larger than the 
inverse radius of 5*^, it can be evaluated as follows: 

^i-ioop ^ 3|^^y + ^ (^) • (3.43) 

In order to examine to what extent a plane wave matrix model can explore the pla- 
nar sector of super Yang-Mills theory on 5"^, we further calculate the two- loop effective 
action of the plane wave matrix model at finite temperature. We describe the detailed 
calculations of the two-loop effective action in the appendix. The main conclusion is 
that the equivalence is valid in the high temperature limit as the contributions from the 
non-planar diagrams can be neglected in comparison to those from the planar diagrams 
in such a limit. The two-loop effective action is given by 

|y2-loop ^ ^^4^PwM%6y3_ (3 44) 

No 
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Here, recalling the following relation between the coupling constants in section 2: 

we obtain the following equation: 

^2-ioop ^ !^gl^r'T\ (3.46) 

We summarize the effective action of the plane wave matrix model at a finite temper- 
ature up to the two-loop level: 

W/Vol {S') = -^T' + \gly^T' + l-T + o(^^y (3.47) 

where we have divided the effective action by the volume of S^: 

Vol {S^) = 27rV^ (3.48) 

This effective action is equal to P times the free energy density of the J\f = 4 supersym- 
metric Yang-Mills theory on [33-37]. 



4 Conclusions and discussions 

In this paper, we have investigated the properties of the A/" = 4 supersymmetric Yang- 
Mills theory on iS'^ at finite temperature by using the plane wave matrix model. 

We have formally derived the action of the J\f = 4 supersymmetric Yang-Mills theory 
on R X 5"^ from the action of the plane wave matrix model by taking the large N limit. 
Forthermorc, we have calculated the effective action of the plane wave matrix model 
around configuration at the two-loop level. We have found that the effective action of 
the plane wave matrix model agrees with the free energy of the A/" = 4 supersymmetric 
Yang-Mills theory on at two-loop level in the high temperature limit. Therefore, we 
can conclude that the nonperturbative properties of jV' = 4 supersymmetric Yang-Mills 
theory on at finite temperature can be explored by the plane wave matrix model. Our 
results serve as a nontrivial check that the plane wave matrix model can be regarded as 
a large N reduced model of the A/" = 4 supersymmetric Yang-Mills theory on R x S^. 
However the nonplanar contributions at the two loop level differ from those on S^. They 
are rather of type since the propagators carry vanishing M in these contributions. 
They can be neglected only in the high temperature limit. In this sense a construction 
of a large reduced model on a curved manifold {S^ in this case) is successful only in a 
ffat manifold limit. 

It is interesting to investigate nonperturbative properties of the J\f = 4 supersymmetric 
Yang- Mills theory on x in connection to AdS/CFT correspondence. This corre- 
spondence states that the large N Af — 4 supersymmetric Yang-Mills theory on R x 5"^ 
at strong coupling region is solved in terms of the type HE supergravity on AdS^ x S^. 
We have shown that the M = 4 supersymmetric Yang-Mills theory on S"^ x at weak 
coupling region is consistent with the plane wave matrix model at quantum level. We 
hope to evaluate the behavior of the J\f — 4 supersymmetric Yang-Mills theory on x 
at strong coupling region by using the plane wave matrix model. 
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A Two-loop effective action of plane wave matrix 
model 

In this appendix, we calculate the two-loop effective action of the plane wave matrix 
model on at finite temperature. The effective action W is evaluated as follows: 

W = ~ ^°^/ e"'^pw 



where 

^2-ioop ^ _iog /c^x, dx^ dAo dc db e-^gw ° V^pw°°" ^ ^ ^^-5^^°°^^^ 



J dxi dxrn dAo dc db dip e '^pw J \ ' ipi 



(A.2) 



and 

r./3 



n (t,s) 



Sl^"""' - ^ f dtJ2 Trji (doxf"^) [Ao, x^] ''''^ - (CA'^) [A^, x^] 
fl'pwA* s,t ^ 

+ ^/ze^^-'^xf [x„ x.f''' + /X [x\ x^] + i {doxt''^) [Ao, x'-f''> 

+/. {C,xt''^) [x\ ^'''^ + i (ao6(^'*)) [^0, cf''^ + {x\ c] 

We define (• • •)]^pj as a summation over only IPI (1-Particle-Irreducible) diagrams. To 
simplify the following calculations, we combine the action Sp'^°°^ as follows: 

ypw/^ -^^ s,t ^ 

- [x^ c] - i^(-*)r^ [x,, ^](*-) - \ [x„ (A.4) 
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where the index J = 0, ■ ■ ■ , 9, and we set that 




Po = -ido, Pi = -fiLi, pm = 0, xo = Aq. (A. 5) 

Now, there are five IPI diagrams to evaluate which are illustrated in Fig. 1. The diagrams 
(a), (b) and (c) represent the contributions from gauge fields, and (c) involves the Myers 
type interaction. The diagrams (d) and (e) represent the contributions from ghost and 
fermion fields respectively. 

eeee 

(a) (b) (c) (d) (e) 

Figure 1: Feynman diagrams of two-loop corrections to the effective action [6]. 



A.l Propagators 

A. 1.1 Bosonic propagators 

First of all, we derive the bosonic propagators of the plane wave matrix model. From 
the quadratic terms for the gauge fields xf'^^ in the action (13.131) . we can read out the 
propagators of gauge boson modes xf/j^j as follows: 



^— [ dtVTr(-la;f'*) {-S'^d', + S'^ fi'Cl + fi'S'^ - ifiV^'Cj,) xfA 

+ (J. + 1) + ^H^^ - i^h^^'c,) E E ^^"^*4;1m. ® y$^'A 

l„ Jr. A,f„ 



h J2M2 

s,t h,l2 Ji,Mi J2,M2 yPWf^ 

+ d^^ii^h ( J2 + 1) + - ilih^^'C) xfi^i^^ . (A.6) 



X 



Note that the quantum fiuctuations are expanded by a plane wave and a fuzzy spherical 
harmonics as follows: 



00 00 J 

^^*^(^) = E E E «^"*4^}*]. ® ^ir^- (A.7) 



l=-oo J=0 M=-J 
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Then, we can obtain the propagator of gauge boson modes as follows: 

\ //2 (-1 ]Mi-Us-jt) 

xK-h^Ji^h^M.-Kh- (A. 8) 

We expand this propagator into the power series of [ujf + jj^J (J + 1)) = P| as follows: 

1 

5»-?a;;2 + 6^^iJ?J2 ( J2 + 1) + - ijJi^e^^^Ck 

= - (4) ' ^«'Pb. V'^K + O (^) . (A.9) 

Therefore, the propagator of gauge boson fields are given by 



\^ iuii t2 / Js,t) {t,s) \ v>(is,jt)v>(it,is) 

^ ^ \-^ihJiMi-^jl2J2M2/ ^ ^ JiMi -^JjMa 

h,l2 Ji,Mi J2M2 

-Y.Y.il ^^jkVi-^x'(^^ Pb.Pb, 



where we note that uj-i = — 27r/T = —ui. 

In the same way, we can read off the other propagators of bosonic fields as follows: 



^ " l=-oo J=0 M=-J ^ B \ B 



xe 



iuji(ti-t2)/ 



4)M-0.-,0y0W0yK^*J.)^ (A.ll) 



00 00 J 



9pwl^ 



E E E :^e^-'(*-*^)(-i)^-(^-^*)yjr)yj!!]^^), (A.12) 



/3A?^o ^ ^ ^ 

^ " «=-oo J=0 M=-J B 

- ^ E E E :^e-(*-*^)(-l)^-(---)yir)Fii-\ (A.13) 

«=-oo J=0 M=-J ' B 

where we expand the other bosonic fields by the plane-wave and the fuzzy spherical 
harmonics as follows: 

cx) 00 ./ 
l=-oo J=0 M=-J 
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oo oo J 

l=-oo J=0 M=-J 
oo oo J 



i=-oo J=0 M=~.J 
oo oo J 

= E E E ^'"*^Sm ® ^ir^- (A.14) 

i=-oo J=0 M=-J 

Moreover, we can get the following bosonic propagator from the above propagators: 

oooo J ^ / -t \ 2 



^ 'J i=-oo J=0 A/=- J \ B/ 



if 

B 



where 



X e-' (*i ( _ 1 ) A^- 0'^ -J*) yj^^'^'*) yJ^^/^\ (A. 1 5) 

fijk = ^ijk, other fjjK = 0, 

= 6ij, other G/j = 0, 
Hij = VBiVBj, other if/j = 0, 

Imn = Smn, Other Ijj = 0. (A. 16) 

A. 1.2 Fermion propagator 

Next we derive the fermion propagator to read out the quadratic term of (p in the action 
(I3.13P as follows: 

r./3 



-123 \ ^it,s) 



"^0 s,t ^ ^ .h,Mi 



/l2 ^2,M2 

~ 2^ ^ ^ ^ '^'^1-^1*^1 o2 2 
S,t /li,/l2 Jl,Mi J2,M2 ypWA^ 

X (^rV2 - /^rx, - ^r^^^^ '5^.h25AJ2<5M,M2¥'£SiM2, (A-ir) 

where we expanded the quantum fluctuations by a plane-wave and a fuzzy spherical 
harmonics as follows: 

oo oo J 

v'''\t)= E E E «^^^vfcl®^ir^- (A.18) 

h=-oo J=0 M=-J 
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Thus, we obtain the propagator of fermion modes as follows: 

2 2 1 

/ (s,t) -{t,s) \ fi'pw/^ ^ XXX inN 

Here, we expand this propagator into power series of {u^ + /i^ J ( J + 1)) = P| as follows: 

1 



(^) ' r"-FF,jr^^^FM^r^PF^ + o . (A.20) 

The third term of f[O0D is that 



(A.21) 

where we used the multiplication law of the gamma matrices as follows: 
Moreover, the last term of flA.20p is that 

1 / 1 . / . X3 



4 VPp 



* / ^ 1 -p/ J -7- -nMN -7- tKt) 



-i(^) (-Vr'P„P| + ...) 

'''(^) r'PF/ + ---, (A.23) 



where we also used the multiplication law of the gamma matrices as follows: 

_^jnyImk _|_ ^jkyImn _ ^mkyIJN _|_ ^nkyUM 

_^IM ^JNyK _|_ ^/Af^J/^pAT _ ^/TV^J/sTpA/ _|_ ^/TV^JAf-pK 
_^IK ^JNyM _|_ ^/i^^JAfpAT _ ^A/_fC^JAfp/ _|_ ^AfiiT^/AfpJ 
_^7V/f^7AfpJ ^ JMr^ (A.24) 
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Thus, we can obtain the following equation: 



2 



FM 



-^{ni f""^"^^^'-' r'^- + o 

(A.25) 

Therefore, we obtain the fermion propagator of the plane wave matrix model as follows: 



2^ 2^ e 1 e yPhlJlMl^h2J2M2/ ^ ^JlMi ^J2M2 

hiM Ji,Mi J2,M2 

1^123 , I ^ \ f t^IJMt)Kt) 

- T-n aj-_jK'F ^ 'F ^ V'F/ 



f3No 

^ ^ h=-oo J=0 M=-J 



8 v^ly 16 \vi, 

A. 2 Feynman diagrams 

A. 2.1 Feynman diagram involving four-point gauge boson vertex (a) 

We evaluate the IPI diagram involving a four-point gauge boson vertex. The four-point 
gauge boson vertex is given by 

V, = fdtY^^A-- [xuXjt'A. (A.27) 

ypw/^ ^0 s,t ^ ^ 

It gives rise to the following contribution: 



ypwp -'0 s,t ^ ^ 

S ^tjU^V 



5'pwA*^ 



(A.28) 

We can calculate (— V4)]^pj by performing the Wick contraction. 



s,t,u,v 

^(^,*)^(t,n)/^^^M^K.)J^ - ) ;>. (A.29) 
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The leading contribution for the diagram involving four-point gauge boson vertex is given 

by 



ipi 



^ Tr 



s,t,u,v 



/ ^ / ^ -p2 V / J2M2 J2—M2 



Vt> 



Ut,ju) 

Ji-Mi 



ii Ji,Mi 





/2 J2,M2 B 



P 

h Ji.Mi B 

^ lyl^J ^ \ ^1 ^ J2M2 ^ J2-M2 

h J2,M2 ^ 

\^ ^ Xl Jl^lAtl-t2)(_'l\Ml-{js-jt)YUs,jt)Y{jt,ju) 

^ Q^'^ln{ti-t2)t -]^')M2-(j^-.7„)y(iix.>)y(>J») 

/ J / J -p2 I ^ ' J2M2 J2—M2 







s,t,u li,l2 J\,Ml J2,M2 stuv pq JiMi .J2M2 

y -sXisit) -iXitip) A>(iui«) A>(iw<?) r r 

^-'JiMi Ji-Mi J2M2 J2-M2 "P«"'/s- 



1 \2 (_l)A^i+A^2-(js-Jt)-0t'->) 



Here we have inserted the complete set as follows: 



(A.30) 



(A.31) 



Therefore, we can get the leading term 



ipi 



-45 



EE E ^123:^^^123, 



h,h s,t,u 123 

where Vb, Qb and TZb are defined as follows: 



1 

' B^B 



(A.32) 



^I^J2M2 — 



J2M2 

J3M3 



(A.33) 
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We have introduced the following wave function: 



if; — rr\ -{/ijsjt) -{/{jtju) -{yijujs) 

^123 — -LJ- -f JiMi ^ J2M2 ^ J3M3 ! 



(A.34) 



and 



00 Ji 00 J2 CO J3 

E-E E E E E E ■ (A.35) 

123 Ji=0 Mi=-Ji J2=0 Af2=- J2 J3=0 A/3=-J3 

A. 2. 2 Feynman diagram involving three-point gauge boson vertex (b) 

We evaluate the IPI diagram involving three-point gauge boson vertices. The three-point 
gauge boson vertex is expressed as follows: 

We can express the contribution corresponding to the diagram (b) as follows: 
1 



ipi 



Wf^ Jo s,t ^ 

^ /'^Mt. E [Tr{ -^^'"^^-^"^^^^} { 

+Tr| (P/x!;'*)) Trj (Pm4''^) x(*'")^x(«'^)^^ 



H 2 



^it,u)M^{u,s)N 



(A.37) 



For example, we calculate the first term of ( 1A.37I) by applying Wick's theorem. 
-^-^ fdhdh V [Tr( (P/x!;-*)) Tr ( (Pm^;!^'*^) x(*'")*"x(" 

1 /"^ 

= — A 7 / dUdto \^ Tr Tr 

x|/ fP,xy'*)(tO) X("'^)^(t2))(x(*'")^(t0x^*'"^''(t2)\(x("'^)^(tl) fPMX;^'*^(t2) 
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(A.38) 

Here, we evaluate the particular contraction which is the first term of the above equation 
as follows: 



^0 



•^0 s,t,u 

X \^ ^ ^IM iuii^(ti-t2)( 1 \M2-(jt-.7u)y(it,i^)-y>Of,ju) 

/ J / J Q2 V / J2M2 J2—M2 

h J2M2 ^ 
h .hM-A ^ 
h JiMi ^ 

X Y^ sIN Au!i^(ti-t2){ 1 ')M2-(.?t-i„)y(itJ»)yOt,iu) 

/ ^ / ^ q2 V / J2M2 J2—M2 

h J2,M2 ^ 

X \^ Y^ ^JM iu>i^(ti-t2)( 1 \M3-(i„-.?»)y(i^J>.)y(is,it) 

/ > / ^ -j^2 V / J3-M3 J3—M3 



h ./3,M3 ■ 



«i Ji,Mi B 

^ ® V -^J3M3 -^J3-M3 

h .h,M3 B 



1 



EE E E E 



^ " S,t,U /i,i2 Jl.Ml J2,M2 J3,M3 ^ " 



1 -1U/-B-/^B . , NMi-(j,-jt)^(i. ,it)^(i.J») 

J ' B X^M / _ -1 \ M2 - {jt -ju)v^* ) V ^* '^'^^ 

"^•p2g2-7^2" >^ -^J2M2 ^ J2-M2 

I ■ Qb , l\M3-0„-i^)T>(iu,ia)T>(jsJ«) 1 /A qQ\ 

"^-plQl-^l*^ -^z' -^JsMa -^J3-M3j' V^-J^J 
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where we used the following relation: 

M=-J M=-J 

We can obtain the following compact equation to calculate the other contractions: 



1 \ n „2 ,,2 

V3V3 \ ~ 



2'"'"/ 2 /^ATn EEE^123 



Moreover, we use the following relation: 



*123. 



and the momentum conserved relation: 

+ Qb + 7^B = 0. 

Therefore, we can simplify as follows: 



s,t,u li,l2 123 



-^1 



IPI 2 /3iVo f^^z_.--p.g2 123. 



(A.41) 

(A.42) 
(A.43) 

(A.44) 



A. 2. 3 Feynman diagram involving the ghost interactions (d) 

We evaluate the IPI diagram involving the ghost interactions. The 
pressed as follows: 



ghost vertex is ex- 
(A.45) 



We can express the contribution corresponding to the diagram (d) as follows: 



IPI 



t,s) 



-\ 2 



2 ^^r*5:T4(P''''''")b'.=]"'^ 

•^0 s.t.u ^ 



-Trj (7^/6^''*)) x(*'")-^c("'')| Trj c(*'")x("'")-^| 
-Trj {VM''*^) c(*'«)a;("'^)^| Trj {Vjb^''^^) a;(t.«)'^c("'^)| 



(A.46) 
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For example, we calculate the first term of flA.46p by applying Wick's theorem. 
/ ^ fdtidt2 V Tr| {Vih^'^'^) x(*'")^c("'')l Tr| a;(*.«)-^c("'') 1 



1 /"'^ 
= .4 „4 / rfiirfi2 5^TrTr 



r./3 



X 



^ h Ji,Mi ^ 

„2 ,,2 1 

/2 J2,M2 ^ 



^ S,t,U h,l2 Ji,Ml J2,M2 JsMs 

^ g2 " I J2M2 ^J2-M2 



-B 

x^(-l)^-^^^"-^'^) (^B.ll3'Xl^^^) rjSi}, (A.47) 

where we also used the relation ( ]A.40p . We obtain the following equation to evaluate the 
other contractions: 

- %rEEE^I-^^^-. (A.48) 

Moreover, we obtain the following simplified equation to use the relation (]A.42p and the 
conservation law of momenta (1A.43I) : 
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A. 2.4 Feynman diagram involving the fermion interaction (e) 



Finally, we evaluate the diagram involving fermion interactions. The fermion vertex is 
expressed as follows: 



Nf^ Jo t L ^ 



(t,s) 



(A.50) 



The IPI diagram involving fermion vertices is calculated as follows: 



ipi 




s,t 



s.t.u 



(A.51) 



We can perform the Wick contractions: 



ipi 
1 1 



2 9pwf^ Jo 



-0 

dtidt2^Tilh: 



s,t,u 



X 



hi Ji,Mi 



4 n 



(A 

2 



y / -1 \ Ml - (js - jt )c}l^hAtl-t2)\y Os ,it ) V> (ju ,3s ) 



2 2 1 

ypwP_V^V^ A, r 1^^2-0■t-J«)„i£^^„(^l-^2)v(•''*'■^")v'(■^"'■'*) 



X 



X 



4 P, 



2 



X f — 1 1 -'^3 - (in -is ) gii^hg (t 1 -t2 ) \> (i« .is) \> (is ,it) 

V / J3M3 J3— Ms" 



(A.52) 



We can evaluate the traces of products of gamma matrices as in appendix A. 7. We obtain 
the following result 



-VpVp 



IPI 123 
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A. 3 Two-loop effective action 
A. 3.1 Bosonic two-loop effective action 

We calculate the bosonic two-loop effective action of the plane wave matrix model as 
follows: 



IPI 

^ ^ h,l2 s,t,u 123 B-i-B 



h,l2 S,t,U Jl,Ml J2,M2 JzMi 

y \ Y (is ,jt)Y (jt ,ju)Y (ju ,js ) 

''K+/.Vi(Ji + 1))K+/.V2(J2 + 1)) -^^^^ ^^^^ -^^^^ ■ 

(A.54) 

Note that on the analogy with the large N reduced model on a fiat background. So we 
obtain that 

2 2 CXj CXD Jl J\ QO J'Z J2 OC J'^ J3 

H'r- = -32^EEE E EEE EEE E 

h,h r=l Ji=0 Mi=- Ji Mi=- Ji J2=0 M2=-J2 M2=-J2 -^3=0 M3=-J3 Mg=-j^ 
(2Ji + 1) (2 J2 + 1) (2J3 + 1) 

X " 



K + /^Vi ( Ji + 1)) + ^2J^ ( + 1)) 

J2 J3 \ ( Jl J2 J3 



X 



Ml M2 M3 / V Ml M2 M3 



(A.55) 



where we define that p/2 — Mi, q/2 — M2 and {—p — q)/2 — M3, and use the following 
relation: 

^^^Y}i^:^Yj^fYj^^ (-l)^^-^^3-M.^(2Ji + 1) (2J2 + 1) (2J3 + 1) 

1\q iVQ— >oo 



■Jl J2 "^3 \ / Jl J2 J3 

Ml M2 M3 / I Ml M2 M3 



(A.56) 



We have a cutoff such that r < 2A, so the maximal value of J and M are Nq and A, 
respectively. Then, we separate the sums over J in to two parts at A. After dividing the 
overall factor we can obtain that 

22 00 Jl Jl 00 J2 J2 oc J;i J:i 

-32^EE E EEE EEE E 

ll,l2 Jl=0 Ml=-Jl M]^=_Jj J2=0 M2=-J2 M2=-J2 -^3=0 M3=-J3 M3 = _J3 
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(2Ji + 1) (2J2 + 1) (2 J3 + 1) 

X 



Jl J2 J3 \ / Jl J2 J3 



(^2 +/i2Ji(Ji + l)) (^2 +/iV2(J2 + l)) \^ JVfi M2 M3/ \M, M2 M3 

_32^pw/f! 5^ ^^^^ + ^) ^2^2 + ^) (2^=^ + ^) 



t^o t^o K + /^^^i (^1 + 1)) + (J^ + 1)) ■ 

(A.57) 

Note that we consider the following cutoff scale: T ^ A. We thus obtain that 

^2-ioop ^ _32^pw^ (fci + 1) + 1) (fcs + 1) 

tt ^0 ^0 [^l + ih + 2)) [ivl + i^hih + 2)y 

(A.58) 

where we set that ki = 2Ji, k2 = 2J2 and k^ = 2J3. The summations over ki, k2 and k^ 
can be approximated by the integrals over 



v//ci(fci + 2) v/fe2(fc2 + 2) Vfc3(fc3 + 2) 

rl rl rl 

In a high temperature limit, we obtain the following equation: 

2 2 rcc ^ 

—32 — — — > / dxidx2dxsr'^T'^Xir'^T'^X2r'^T'^X3- ^ :^ — o — r 

^0 ^Jo \{2'nhTf + xlT^) {{2'nl2Tf + xlT^) 

= — 32r^T2 ^^y^^ / dxidx2dx3- , ^1^2X3 

No ^Jo ' {{27rkf + xl) {i2nl2f + xl) 

(A.60) 

We want to evaluate the sum of the following form: 



00 00 

Xi X2 



Since the function | coth (|) has poles at z = 27r/i and is everywhere else bounded and 
analytic, we may express the equation (lA.6ip as a contour integral as follows: 

(I ^2:1 ^5 ^- coth f — ) (h dz2^ o - coth f — 

27ri 7 zf-xj2 \2)2mJ zl - xl2 V 2 



1 coth f coth fi^). (A.62) 



Then, with a suitable rearrangement of the exponentials in the hyperbolic cotangent, we 
obtain that 

11111 11 , 
- + + + A.63 

4 2 e^i - 1 2 e^2 _ 1 - 1 e^2 _ 1 ^ ' 

Therefore, we can get the bosonic two-loop effective action as follows: 

,2 , 2 /-oo 



^2-loop ^ _32^6y2^P^ rdx,dX2dX3X3 

No Jo 



,111 11 1 1 , . , s 

X - + + + . A.64 

1 4 2 e^i - 1 2 e^2 - 1 e^'i - 1 e^'^ - 1 ' ^ ^ 
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A. 3. 2 Fermionic two-loop effective action 

We calculate the fermionc two-loop effective action of the plane wave matrix model as 
follows: 



IPI 



First, we calculate the first term of the fermionic two- loop effective action as follows: 



h\,h2 s,t,u 123 ^ 



P]\[3 ^JiMi ^J2M2 ^JaMa 



hi,h2 s,t,u Ji,Mi J2,M2 JzM-i 



■!> (is ,it ) v> 0* ,iu ) v> ( ,is ) 

« + + + + ^^^^ ^^^^ ^^^^ 



(A.66) 



In the same way as the bosonic two-loop effective action, we obtain that 



/?Ao f^J, \{2'nh,f + xl) {{2^h,f + xl) 

Similarly, we evaluate the sum of the following form: 

00 00 

Since the function |tanh (|) has poles at z = 27ihi and is everywhere else bounded and 
analytic, we may express the equation flA.68P as a contour integral as follows: 



(£) dzi -T, n - tanh ( — ) (b dzo ^ - tanh ( — 

27ri/ zf-xl2 V2/27riJ z^-xl2 \2 



= 1 tanh (^) ■ - tanh (^) . (A.69) 
2 V2/2 V2/ 

Then, with a suitable rearrangement of the exponentials in the hyperbolic tangent, we 
obtain that 

11111 11 N 

+ . A.70 

4 2 e^i + 1 2 e^2 + 1 + 1 e^^ + 1 ^ ^ 

Then, we calculate the second term of the fermionic two-loop effective action as follows: 
^2 loop ^ 64^^ V- r dx,dx2dx,r^T\,r'T'x,r'T'x, 

P ^0 rr; Jo 



h,h2 
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(A.71) 



Similarly, we calculate the sum of the following form: 

Xi X2 



T. 



(pdzi „ 9 ^ coth / dz2 9 9 ^ tanh 

27ri7 z?-x?2 V2/27riJ ^| - 2 V2/ 



= - coth f — 1 ■ - tanh ( — 
2 V 2 / 2 V 2 

= - ( 1 + ^^ I ( 1 



4 \ e^i - ly \ e^2 + 1 

11111 11 

— I fp^ 72) 

4 2 6^1 - 1 2 6^2 + 1 6^1 - 1 6^2 + 1 ■ V ■ y 

Therefore, we can get the fermionic two-loop effective action as follows: 



rir2— loop 

m JO 



^2-loop ^ _ ""^^WA- ^6y2 ^ dXidX2dX3X3 



111 11 1 1 

X I --— — + 



4 2 e^i + 1 2 e^2 + 1 e^i + 1 e^2 + i 



H ^^^7 — r T I dxidx2dx3X3 



JO 



fl I I 11 1 1 \ /A ^ON 

X - + . (A.73) 

V4 2 e^i - 1 2 e^2 + 1 - 1 e^^ + i y ^ ^ 

A. 3. 3 All contribution of two-loop effective action 

We summarize the two-loop effective action of the plane wave matrix model at finite 
temperature as follows: 

^2-loop ^ |y2-loop _^ |y2-loop 

- 32^|w/^2^6^2 rdx^dX2 r^^'dXsXs 



J\xi-X2\ 



11 11 11 

X r r + r r + 2 



e^i _ 1 _ 1 e^i + 1 e^2 + i g^i - 1 e^2 + i 
io 



. 3:1 X2 ^ Xi ^^ 12 



e^i - 1 e^2 _ 1 e^i -M e^2 + 1 - 1 e^2 + 1 

^ _27r4^P^^6y3 (A.74) 
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